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Abstract  

In this work, we consider the following iteration method  

𝑥𝑛+1 = 𝑥𝑛 + (𝐴𝑥𝑛 − 𝐼)  

We will show that it converges to 𝐴−1
 under the assumption  

‖𝐼 + 𝑐𝐴‖ < 1. We will also show that the order of convergence is one, i.e., the convergence is linear.   
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1. Introduction  

All methods available in the literature have at least quadratic order of convergence [1-5] to cite few out of 

hundreds of publications on this subject. Our method converges linearly but the computational cost is 

slightly less than these methods. Despite this caveat, it’s of interest to study and analyze this method 

because it might lead, with some modifications, to more efficient methods.  

  

  

2. Main Results  

Our first main result is about the convergence of the method.  

Theorem 2.1 The following iteration method  

𝑥𝑛+1 = 𝑥𝑛 + (𝐴𝑥𝑛 − 𝐼)  

converges to 𝐴−1
 under the assumption ‖𝐼 + 𝑐𝐴‖ < 1. Proof: Assume that the current approximation 𝑥𝑛 is 

different from 𝐴−1
 by an error matrix 𝐸𝑛. Substituting into the iteration equation, we have  

𝐴−
1
 + 𝐸𝑛+1 = 𝐴−

1
 + 𝐸𝑛 + ((𝐴−

1
 + 𝐸𝑛) − 𝐼)  

Or  

𝐸𝑛+1 = 𝐸𝑛 + (𝐼 + 𝐴𝐸𝑛 − 𝐼) = (𝐼 + 𝑐𝐴)  

To see that the iteration approximates 𝐴−1
 when it converges, note that if 𝐸𝑛 = 0, then 𝐸𝑛+1 = 0. Note that  

𝐸𝑛+𝑚 = (𝐼 + 𝑐𝐴)𝑚𝐸𝑛  

Clearly, convergence is guaranteed if: ‖𝐼 + 𝑐𝐴‖ < 1.   
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Remark 1: The above theorem holds under the less restrictive condition (𝐼 + 𝑐𝐴) < 1, where (∙) denotes the 

spectral radius.  

Remark 2: The eigenvalues of 𝐼 + 𝑐𝐴 are 1 + 𝑐𝜆, where 𝜆 is an eigenvalue of 𝐴. Since the spectral radius of 

a matrix is less or equal than the norm, then convergence is guaranteed if −1 < 1 + 𝑐𝜆 < 1  or  −2 < 𝑐𝜆 < 0. 

Assume all eigenvalues of the matrix to be strictly positive. We can pick certainly a 𝑐 < 0 such that −2 < 𝑐𝜆 

< 0.   

Recall the definition of order of convergence which is given in most numerical analysis textbooks.  

Suppose  is a sequence that converges to 𝐿, with 𝑥𝑛 ≠ 

𝐿 for all 𝑛. If positive constants 𝜆 and α exist with   

 

  
 

then the sequence converges to 𝐿 with order of convergence α and asymptotic error constant λ.  

Our next result is about the speed of convergence.  

  

Theorem 2.2: The convergence is linear  

Proof: ‖‖𝑥𝑛+1 − 𝐴−1
‖‖ = ‖‖𝑥𝑛 + 𝑐𝐴𝑥𝑛 − 𝑐𝐼 − 𝐴−1

‖‖  

=‖‖𝑥𝑛 − 𝐴−1 
+ (𝐴𝑥𝑛 − 𝐼) ‖‖=‖‖𝑥𝑛 − 𝐴−1 

+ (𝑥𝑛 − 𝐴−1
) ‖‖  

=‖‖ (𝐼 + 𝑐𝐴)(𝑥𝑛 − 𝐴−1
) ‖‖ ≤ ‖‖𝐼 + 𝑐𝐴‖‖ ‖‖𝑥𝑛 − 𝐴−1

‖‖=𝜆‖‖𝑥𝑛 − 𝐴−1
‖‖  

where 𝜆 = ‖‖𝐼 + 𝑐𝐴‖‖.   

Clearly, the convergence is linear with asymptotic error constant λ.  

  

3. Concluding Remarks   

We presented in this note an iteration method of order one. Our future work is to investigate the 

following questions.  

• How to optimize the value of 𝑐.  

  

• How to speed up the iteration? Perhaps an adaptive procedure, i.e., we could use an optimum   for i-

th iteration.   
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