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Abstract
The Fibonacci combinatorics in one dimensional dynamics, related to the famous Golden mean, is discussed
in this article, including the iteration of interval and circle maps, mainly the critical covering maps, but
including unimodal and the quadratic maps. The central point of is the behavior of the set
, that
depends of the combinatorics of the map, and the approximation of the return times of the iterations around
the critical points. The Fibonacci numbers appears in the discussion of the global attractors of these maps.
An application is described, with a specific cubic map of critical covering map of the circle, in a
criptography model based in chaos.
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1. Introduction
In the non-linear smooth dynamical systems theory, the low dimensional dynamics has a special place,
specially the interval and the circle maps. It is a class of relatively simple transformations with very rich
dynamics. The simplicity comes from topological triviality of the real line and the circle, but the hard part
lies in delicate estimates, often involving combinatorial analysis of sequences of dynamically defined points
by the iteration of the maps. We have to study the recursive iteration of interval or circle maps and what
happens with the majority of the points of the domain of the map. The sense of “majority” can be from the
topological point of view or from the metric point of view. This is, in fact, the main question: given a
function f and an inicial value x0 in the domain of f , what ultimately happens to the sequence of iterates
{ x0 , f(x0 ), f(f(x0 )), f(f(f(x0 ))), …}
These compositions of the function f can be denoted by using the powers of f in a better way
and this set in the domain of f is called the orbit of x0 and denoted Orb(x0).
We can study all these complexities, for example, with maps from the compact interval [0,1] to itself. Of
course, the fixed and n-periodic points x are important: the point
is a fixed point for f if
and if exists the smallest positive natural n for which
this point x is called n-periodic point.
|
|
Depending on the derivative is |
or |
, x is called an attracting periodic point
(attracts a neighborhood of points between x) or a repelling periodic point (repells a neighborhood of points
between x). But when does not exists attracting periodic orbits the wandering orbits (orbits that does not
converges to any point in [0,1]) are more beautiful. The chaoticity in the sense of Devaney [9] (p. 49)
appears in a interval map without atracting periodic orbits, for example, the so called logistic quadratic map
in [0,1], with infinitely many reppeling periodic orbits, but where all other non periodic
orbits are dense in the interval and f is topologically mixing, see [9]. The Ruelle article [26] in 1977,
proving that in this case exists a absolutely continous invariant measure iniciate a big program to generalyze
the concept of global attractor of a map. The logistic map becames a typical chaotic interval map, with the
ingredients of regularity (infinite many periodic point dense in the domain) and randomness (density of the
chaotic orbits). But in the quadratic family of
, in a parameter space like
√ ,
for example, there are many other chaotic behaviors. All this chaotic behaviors depends of a important set:
the orbit of the critical point ( in the case of the quadratic family is the orbit of the point ½). Let’s denote in
a general interval or circle map the critical point by c and consider the set
, the
-limit set of the
critical point c (the set for which the Orb(c) set converges in [0,1]).
The central point of this article is the behavior of the set
, that depends of the combinatorics of the
map, mainly the Fibonacci combinatorics in certain maps, which will be defined below. We can say now is
that if the critical return time sn is a sequence of Fibonacci numbers we have the Fibonacci combinatorics.
This combinatorics is was the most important to solve a question posed by John Milnor [24] in 1985, and
many problems related are still open in this context. Many progress was made in the case of unimodal
interval maps, maps with exactly one turning critical point, see [14],[15]. Among the quadratic real
polynomials
there is exactly one parameter whose turning point has this Fibonacci
combinatorics and, as it implies a strong recurrence of the critical point, then this map was considered in
[15] as a candidate to exhibit a global wild attractor. A global wild attractor is a compact invariant Cantor set
whose basin of attraction is a meager subset of [0,1] with full Lebesgue measure, see [6], [21],[24]. It was
proved in [21] that a quadratic real polynomial with the Fibonacci combinatorics has no wild attractor. This
was generalized later for any combinatorics [20]. On the other hand, in [4] it was proved that if a unimodal
real polynomial of degree big enough, has the Fibonacci combinatorics, then it has a wild attractor. When
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the order of the critical point is strictly greater than two we have the same result of [21], see [16]. There are
articles related to the renormalization theory and Fibonacci fixed points of renormalization, for maps of
degree
, even integer, extending the real map to the complex case, showing Julia sets and Fibonacci
puzzle pieces, see [7]. In the context of cubic polynomials, degree three, the Fibonacci combinatorics started
with Branner and Hubbard [4] in 1992, using extensions of the map in the real line to the complex plane.
Using only real analysis in the context of bimodal cubic polynomials (two turning points), proving decay of
geometry and other properties, we have [5] and [27], and the Fibonacci numbers again appears in the
iterated maps near the critical points, and the Fibonacci combinatorics implies that wild attractor does not
exists, see [5].
Instead of turning critical points, we can consider inflection critical points and in interval and circle maps
this complicates the dynamics because we loss the simetry behavior in the unimodal case. However, again
the Fibonacci combinatorics shows several interesting behaviors from the metric point of view for critical
covering maps of the circle, see [1], [8], [17], [18]. This is the litle overview of the influence of the
Fibonacci combinatorics for all these important works over the years. However, there is new recent articles
following other ways of research. We will see in the section 3 the details of the Fibonacci combinatorics,
and some results in circle maps. In the next section we will give a notion of global attractor topological and
metric.
2. The global attractor
Here we will compare a big set in a topological sense and in a metric sense. We know the trivial
difference between the rationals
(dense in
but zero Lebesgue measure) and the irrationals in
(dense in
and total Lebesgue measure).
If
is is a dynamical system defined on a manifold I, we define a closed invariant set
to be
a topological respectively a metric attractor if
a) Its basin
|
a)
contains a residual set of an open subset of , respectively
has positive Lebesgue measure.
b) There exists no closed invariant set
which is strictly included in
for which
and
coincide up to a meager set respectively up to a set of measure zero.
Here
is the set of limit points of
as
. We call a set a wild attractor if is a metric
attractor but not a topological attractor.
If is a unimodal map, there are three possibilities of topological attractors:
1)
is an attracting periodic point or;
2)
is a minimal set, solenoidal set of zero Lebesgue measure, the case of infinite
renormalizable map or;
3)
is equal to a finite union of intervals containing the critical point and acts as a topologically
transitively map on this union of intervals; in this case we can have the topological attractor equal
to the manifold .
In the case of covering maps of the circle we don’t have the case 2). In the next section we will describe
theses maps. In the case 2), the solenoidal, we have the famous Feigenbaun function, a example in the
family
with kneading sequence like
where the intinerary of the critical point is described with R meaning to the right of the critical point and L
meaning to the left of the critical point, having intervals of periods , for all
.
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In the quadratic family the logistic
is a typical case of 3) and we can easily find
parameters for the case 1), for example with
,
has a 3-periodic attracting orbit
and |
|
. There is a basin of attraction around
these points, three open intervals around
and
respectively. From a corollary
of Guckenheimer Theorem, see [7] p.74, there exist at most one attracting periodic orbit for
, because there exists only one critical point. However, by the Sharkoviskii Theorem,
has
periodic points of all periods. One question is: where are these points? They can’t be in the open set that is
the basin of attraction of the 3-periodic attracting orbit. Devaney [9] use symbolic dynamics, the subshift of
finite type to clarify this question of these “invisible” points in
.
If is a unimodal map, there are four possibilities of metric attractors:
1)
is an attracting periodic point, or
2)
is a minimal set, solenoidal set of zero Lebesgue measure, the case of infinite
renormalizable map, or
3)
so that
is a minimal Cantor set which is not a solenoidal set. In this case
acts as a topologically transitively map on a finite union of intervals containing the Cantor set
, but Lebesgue almost every point in this union iterates towards
, that is, ω(x) = ω(c) for
almost every
, or
4)
is equal to a finite union of intervals which contain the critical point, and
acts as a
topologically transitively map on this union.
In the case 3) the metric attractor is called wild attractor. In the introduction we mention the cases when
there exists wild attractor (high order) and when there is no wild attractor (low order) and the role of the
Fibonacci combinatorics. In the next section we will discuss the Fibonacci combinatorics in detail in one
kind of interval or circle map, called critical covering maps.
3. The Fibonacci combinatorics
A critical covering map of the circle
is a
critical covering map
with just one critical
point, say c, which must be of inflection type. In this article, we will consider critical covering maps with
two branches that preserve orientation, see Fig. 1.

Fig. 1 – inflection critical covering map
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as the quotient space ⁄ with the orientation and metric induced from the real line

, by the lifts. Given a
critical covering map
with two branches, we choose one of its fixed
points, say p (0 or 1 are the same in ) , and set
. The length of an interval I
will be
denoted by | I |. Note that f becames continous in
and not continous if we consider the map in [0,1]. We
will assume that the critical point c of f is recurrent, to avoid trivial cases and define the sequence
around the critical point, such that, for
, the interval
is a component of the
domain of the first return map
to . Observe that in figure 1 we have
. If
for
some
, we say that is a central return moment . The critical return time
is defined by
. If the sequence
coincides with the Fibonacci sequence 1, 2, 3, 5, 8, 13. . . the
critical covering map f is called a Fibonacci critical covering map. That is,
. It is not
difficult to show that Fibonacci critical covering maps have no central returns. One of the main geometric
aspects of one-dimensional dynamics with critical points is the evolution of the scaling factor
|
|
⁄| |, particularly in the subsequence
of non-central return moments (which is the sequence itself
in the case of Fibonacci critical covering maps). If
exponentially fast as i → ∞ we say that f has
exponential decay of geometry.
Let
denote the set of
critical coverings f of degree 2 which also have the following properties:
• The critical point c is recurrent and not periodic.
• The critical point is of order or degree . This is equivalent to say that there exist a
map
satisfying
and real constants
and
such that
|
|
for every x in a neighborhood of c . Observe, for example, that if
we can consider a cubic branch in
the right side of figure 1.
• Restricted to \ {c}, the map f is
and has negative Schwarzian derivative.
For these aplication, the cases of attracting periodic orbits is the same of the quadratic maps. It was proved
in [23] that, if the attracting periodic orbits exist, the periodic points that attract any covering of the circle
has a limited period. If f has negative Schwarzian derivative, every attractor periodic orbit must necessarily
contain one of its critical points or an edge point of [0; 1]. This implies that any application
, fig. 1,
has at most one attractive periodic orbit. Is the case 1) related in the classification of attractors of the section
above. If we consider only the case of critical point c is recurrent and not periodic, we have the results
above.
Theorem 1. There are constants
and
such that if
has the Fibonacci combinatorics and
order
then
(
)
for all
. That is, in the critical return times the derivative
grows exponencially, it is not bounded.
Three consequences are the following.
Theorem 2. If
has the Fibonacci combinatorics and order
then f has an absolutely
continuous invariant probability measure.
Theorem 3. If
has the Fibonacci combinatorics and order
then f exhibits exponential
decay of geometry, that is, the scaling factor
.
This result means that the critical branches |
| around becomes negligible in metric terms compared
to | | when
.
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These results implies that the Fibonacci map with this order between 1 and 2 does not have a global wild
attractor.
Theorem 4. If
has the Fibonacci combinatorics and order
then the ω-limit set ω(c) of its
critical point is a minimal invariant Cantor set with zero Hausdorff dimension.
Finally, for
we conclude that
(
) and the geometry are bounded. This last assertion, in
particular, is also proved in [18].
Theorem 5. If
with the Fibonacci combinatorics and
, then
(
) is bounded, and in
particular the geometry is bounded.
On the other hand, in this case the Lebesgue measure of critical intervals |
| remain comparable in
metric terms to | | when
. Here we have possibility to have a global wild attractor for
. That is,
we can have ω(x) = ω(c) for almost every
, the case 3) of metric attractor. Different to unimodal
case, we do not have the proof of existence of wild attractor with real arguments in these cases. There is a
recent result that relates the existence of wild attractor to the drift for the corresponding fixed points of
renormalizations, see [17].
The proofs of the all theorems above can be viewed in [8]. There is another kind of combinatorics that
generalizes the Fibonacci case, in the next section.
4. The Fibonacci generalized maps
We say that a application
has a generalized Fibonacci combinatorics if the following conditions
hold:
1. For every
there is
so that:

2. If

is greater than one, we have

for all

.

For example, we can have the iterations around c like :
and
are the natural numbers from 2,
the we can have this kind of recurrence around the critical point, which generates the infinite sequence of
numbers:

In a recent PhD thesis [1] of 2017, Alves extend Theorem 2 to the generalized Fibonacci combinatorics
for critical covering maps of the circle. In the unimodal interval maps, Gao and Shen [12] in published in
2018 the result with critical turning points of order between
. On the other side, Li and Wang
[19] proved that for a more restrict kind of Fibonacci like maps, when
is a fixed , so the sequence is:

It is proved that the map has no absolutely continuous invariant probability measure, provided that the
critical order is large enough. But they don’t prove the existence of wild attractor in this case. We can say
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that the famous article of Bruin, Keller, Nowicki and van Strien [6], that study the Fibonacci combinatorics
and the wild attractor Cantor set, it is a storehouse that can still generate many results for other classes of
interval and circle maps. In the final section we give an litle aplication of a family of cubic maps that can be
used in criptography.
5. An application
In this section, properties of a specific family of covering maps of the circle will be discussed, among
them, the Lyapunov exponent, the natural invariant density and histogram and the Wooters statistical
distance. In the final, we mention some comparative analysis between some crypto-systems coming as
variations of the famous Baptista's original crypto-system (based in the logistic map) and present some
conclusions about their performance. The application used for the chaos-based cryptosystem by Baptista [3]
in 1998 was the logistical application in parameter a = 4. Other applications have already been widely used,
among them the tent maps. Many articles appears later, which is usual in criptography research, the
inadequacy of unimodal maps for cryptographic applications [2]. So the models based in chaos in
cryptography, this area of research in some sense, has gone out of style in the 2000’s. However, what is
incredible is that many recent works continue to use quadratic polynomials, in another context, see for
example [11] and many other researches continue to study chaos based cryptography. And the maps with
high order, greater than two, including very high degree unimodal applications that have extremely
complicated metric properties, such those with wild global attractors, have not been used in models based in
chaos cryptography, much less critical circle covering maps. Let’s detail our specific family.
We will call this map PWNC (piecewise nonlinear critical map). In the same way as the theoretical
development in the study of quadratic application, it was necessary to demonstrate whether the PWNLC has
the properties of ergodicity, Lyapunov's exponent behavior, when we vary the parameter, which is related to
problems proved in [1], [8] and [25], including the proof of the existence of absolutely continuous invariant
measures with respect to the Lebesgue measure. The PWNLC map, with some conditions, can exhibit
chaotic behaviors. In this work we will consider a special case of a PWLNC application, which is a family
with a parameter λ, with a linear branch and another of degree 3. In equations (1) to (6) we have λ as a
parameter to represent the function that with its variation can generate a family of curves in pre-established
regions, which will be chosen according to the need for the chaotic cryptographic scheme to be used . We
will observe below that when we modify the parameter λ, the changes affect only the second branch of the
application, which will be defined by below (see Fig. 2).
5.1 The PWNLC Map and the Graphics of a one parameter family
The map that we will consider is expressed by the equation (1):
{

(1)

The parameters a, b, c and d are obtained as follows

{
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Essas condições quando aplicadas resultam em
(2)
(

(

(

)

(3)
)

(4)

)

(5)
(6)

Applying these parameters in equation (1), Fig.2 the the -parameter family maps are obtained for the values
of λ indicated in the figure.

Fig. 2 – Graph of a PWNLC family, for the indicated λ values
5.2 Lyapunov exponents and histograms of the PWNLC
The Lyapunov exponent of a one-dimensional map is a number that describes the dynamic complexity
of the orbits involved in the system. We know that if the Lyapunov exponent of a function f, for a certain
specific λ, is less than or equal to zero, we have a function with a finite number of attracting periodic trivial
orbits. If it is greater than zero, we have a function with infinite chaotic orbits. We saw that chaotic orbit in
[0.1], means that it is dense in [0.1] and is not attracted to any point in that range. This non-regularity
presented by the trajectories of points applied to the function has an average rate of convergence or
divergence expressed by the values of the Lyapunov exponent. This chaotic condition expressed by the
positive exponent is equivalent to what we call sensitivity to the initial conditions. A function that has this
property, roughly speaking, means that future orbits of very close points will never be close again when we
infinitely iterate the function at those points (it is called the Butterfly Effect). In addition to all this
randomness, the chaotic function has a certain regularity, since it also has infinite periodic points (repulsors)
in the interval [0.1]. Another property, often crucial from a physical point of view, is the ergodicity property.
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Roughly speaking, when an application to a parameter is ergodic, the typical behaviors of the orbits, when
we consider a invariant set by the map, only two situations occur: or this set is a zero Lebesgue measure
subset of the interval (insignificant in the metric point of view) or in a positive total Lebesgue measure set,
that is, the domain of the map. Based on the definition of the Lyapunov exponent, tests performed on the
PWNLC function showed that its chaotic behavior becomes clear and provides a wide range of parameters
that within a certain order serve to be used as a dynamic rule in crypto-systems. The Lyapunov exponent in
the range of x ε [0.4, 1] of the PWNLC function is represented in figure (3A). In figure (3B) we expand a
section that can be used in cryptography in the range of λ in (0.74 to 0.75). Where we can see that in this
interval we have a chaotic situation enough to be used in Encryption systems

.
(A)

(B)
Fig. 3 – Lyapunov exponent of the PWNLC function, in figure (A) the range is 0.4 a 1 nd the step of is
equal to
. In (B), for better visualization, there is a range from 0.74 a 0.75 with the step of λ equal to
.
In a one parameter family it there is many parameters with chaos bahavior, but very few functions have
an analytical form of invariant natural density. For example, the logistic map has an analytical expression for
this density when its control parameter
: the invariant measure of the logistic map is given by:
√

, which corresponds to the histogram in figure 4. Observe that the histogram are the same

for almost every initial point considered. This is the fact that the histograms are a general feature of the map.
For other values of parameter in the family the way to find the invariant natural density is always using
histograms, by computacional methods. See figure 5 for
, where we see the difficulty to get a exact
formula for the invariant measure.
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Fig. 4 – Aproximation of the invariant measure: logistic map histogram elaborated in [10] p. 110.

Fig. 5 – The histogram of the orbit of 0.5 in

, elaborated in [10] p. 174

Returning to our specific critical covering maps of the circle, PWLNC, Figure 3 shows the natural invariant
density of the PWNLC function in the range of 0.2 to 0.8, obtained by the histogram of this function for the
data mentioned in the figure legend. Despite the appearance, the sum of the frequency of occurrence of all
512 sites in the domain is equal to 1, as expected.

Fig.5 - Natural invariant density of function PWNLC for
in 512 subintelvals.

, with

realized and separated
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Let’s consider now a map that has two linear branches, which is called Baker map, is the map
, see Fig. 4. In the interval
is not continous in ½ but in the circle is a continous map.
This map has a extreme expansiveness, because there no critical point, and is topologically conjugated to
PWLNC. It has infinite periodic points (all repulsive), a dense set of chaotic orbits and topologically mixing.
The logistic map, model used in Batista's cryptography system, is topologically conjugated to the Tent map.
But this conjugation is not sufficient to study the properties of the maps with critical points just inehriting
the properties of the piecewise linear maps or linear maps. The critically complicates too much the
dynamical systems. The Tent map and the Baker map were used and tested in chaos-based crypto-systems,
but it was was also criticized, see [2].

Fig. 6 The Baker map: high expansiveness and topolocaly conjugated to the shift of two symbols (fig.
thesis [25])
Our PWNLC map is a natural extension of these systems, because there is a linear part and the other part is a
homeomorphism with a critical inflection point. However, this system presents a new complexity, as we do
not have symmetry in relation to the critical point as in quadratic, Tenda or Baker maps ( in Tent map and
Baker map the symmetry is in relation to point ½). Ergodicity of PWLNC was proved in [25],[28].
Therefore, PWLNC can have chaotic properties depending of the parameter, with the dynamic complicator
of a critical non-symmetric non-linearity. We believe that PWNLC is a candidate to be used in encryption in
many ways. Let’s see one first case.
5.3 Application of the PWNLC map in a Crypto-System
For the use of this function in a chaotic crypto-system, we will determine an encryption scheme and its
performance as a dynamic rule. The cryptography system that we are going to use as a cryptographic
application and having the function of PWNLC, consists of a series of blocks of plain text of M bits. This
crypto-system is based on the following structure: the portion of the attractor we are assuming is the
a
, which is divided in
(M = 8) places with the same length
a

.

Therefore, each subinterval of the partition is associated with a block of plain text, of each interval of the
form
. We will also consider the block of plain text corresponding to
this space as the character a_i. The above representation can then be written as follows:
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(8)

We will adopt the following: indicates the number of iterations of the map,
A denotes the
the plain text,
is the last chaotic state obtained from Eq. (8), that satisfies the conditions:
( )

. Also

represents the number of times

block of
and

of the chaotic iteration of F(x) with initial

value

, then obtaining , which is the ciphertext unit, if the same satisfies
where
and
. The value of is an integer within the region[No, Nmax]. In this system we will
consider ciphertext those above the number of iterations No = 250 and as the maximum value Nmax = 22M –
1, each text cipher has two bytes. We will use
, to represent
and
.
Now we will introduce this procedure described above, to be used as a test in a crypto-system. The
chosen one was the version presented as a variant of the Baptista crypto-system made in article of Wong
[29]. To determine a unit of the ciphertext, a reference table (look-up table) that will be used in parallel , will
be associated with plain text. We replace logistic map by PWNLC. The determination of the first ciphertext
unit is done using an initial value of . In this variation it is used to update the value of the control
parameter λ in equation (1), when we are going to encrypt another unit of plain text, and to do this we need
to reach the corresponding chaotic state . It is necessary in this process that we must take the binary
representation of x_i that is in the phase state between
e
. This sequence should be divided into
,
which the following operations will be submitted:
(9)
(10)
(11)
For these equations, we use  as the operator XOR; it is also adopted in this condition
as a decimal
value; the value of β is within the range [0, 32.767] which represents a coefficient given by the update
frequency of λ; is the logical operator OR and nop is the number of plain texts that were encrypted after
the last update of λ. This second requirement serves to guarantee a better condition of the dynamic property
of the chaotic system. The update process works according to the following equation:
(12)
where

and
are the two limit values of the range
used. In the PWNLC map we used
and
, since in this interval the map acts in a chaotic way. The steps used in
encryption and decryption are described below:
1. Encryption: The iteration process goes up to a maximum value Nmax= 65.535, (216 – 1). To encrypt
the
plain text , we must iterate equation (1) of the chaotic dynamic rule now taking
,
to find the chaotic state that satisfies
.. Note that the iteration value must be above a
minimun number No to avoid accumulation of low encrypted values. The corresponding number of
the iteration is taken as the unit
of the ciphertext corresponding to
if
is
satisfied. Continuing, we process equations (8), (9) and (10). If the output is true, the control
parameter of equation (1) will be updated with o
according to the judgment of equation (10). If
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this is not true, o
and
. are generated again, which will be the new control parameter and
the new initial value, respectively, for the new flat text
.. However, if the chaotic state
satisfying
is not found during all iterations until the final value
= 65.535 of
equation (1), this number of iterations
will be sent as a ciphertext unit and the corresponding
chaotic state is anoted . Then, a new control parameter is obtained using in equations (8) and (9)
to re-encrypt .
2. Deciphering: the reverse path. To retrieve the
plain text , equation (1) is iterated directly from
, number of iterations being indicated by the ciphertext unit. So that the resulting chaotic state
is applied to calculate
. Then, equations (8), (9) and (10) are computed. If the output is
true, the parameter
will be obtained according to equation (10) to decipher the new flat text
. However, if the received ciphertext unit is equal to
, it is understood that the value to be
ciphered was not found. With the current chaotic state is , a new control parameter of equation (1)
is generated from
by computing equations (8), (9) and (10). Then the next unit of ciphertext is
used to retrieve iterating equation (1) from .
It was made too a battery of crypto-system encryption time tests is shown according to the function used by
it, the functions under tests are logistic map and PWNLC. In the tests performed with the logistic function,
the decryption times are usually shorter due to the fact of its simplicity, however we observed that its
dynamic behavior presents difficulties as mentioned previously. We can see that the results obtained from
encryption and decryption of the crypto-system using PWNLC suffers from a very small loss of efficiency.
In the simulations carried out with the values described above, they are not very important, not least because
the time difference between the systems tested is insignificant. Always observing that we do not want to test
the robustness of these crypto-systems, but to verify that this function applied under conditions equal to
other functions, its behavior is equivalent.
Open problems: a next step is to analyze the Fibonacci combinatorics in these families and how
much it influences chaos-based systems, including with high order maps in the circle.
6. References
[1] A.R. Alves, Existência de medidas invariantes absolutamente contínuas para recobrimentos críticos do
círculo com combinatória Fibonacci generalizada, PhD thesis, Universidade de São Paulo, (2017).
[2] D. Arroyo, J. M. Amigó, S. Li and G. Alvarez, On the inadequacy of unimodal maps for cryptographic
applications, XI Reunion Espanhola sobre Criptologia y Seguridad de la Informacion (XI RECSI),
Tarragona, Spain, 2010.
[3] M. S. Baptista, Cryptography with chaos, Physics Letters A, 240(1998), 50-54.
[4] P. Biswas, H. Shimoyama and L.R. Mead, Lyapunov exponents and the natural invariant density
determination of chaotic maps: an iterative maximum entropy ansatz, Journal Phys. Math., 43 (2010),
125103.
[4] B. Branner & J.H. Hubbard, The Iteration of Cubic Polynomials, Part II: Patterns and Parapatterns,
Acta Mathematica, Vol 169, (1992), 229-325.
[5] L. Bordignon, Decaimento de geometria e medidas invariantes para polinômios cúbicos, PhD Thesis,
Universidade de São Paulo, (2003).
94

European International Journal of Science and Technology

Vol. 10 No. 1

January 2021

[6] H. Bruin, G. Keller, T. Nowicki, S. van Strien, Wild Cantor attractors exist, Ann. of Math.
(2) 143 (1996) 97–130.
[7] X. Buff, Fibonacci fixed point of renormalization, Ergodic Theory and Dynamical Systems ,
20 , Issue 5, (2000) 1287-1317.
[8] E. Colli, M. L. Nascimento and E. Vargas, Decay of geometry for Fibonacci critical covering maps of
the circle, Ann. Institut H. Poincare, AN 26 (2009), 1533-1551.
[9] R. L. Devaney, An Introduction to chaotic dynamical systems, 1989. Addison
Wesley Publishing Company.
[10] R. L. Devaney, J. Choate. Chaos: a tool kit of dynamical activities, Key Curriculum Press, (2000)
[11] J. Ding, Albrecht Petzoldt, Current State of Multivariate Cryptography, December 2016, IEEE Security
and Privacy Magazine 15(4):28-36
[12] R. Gao, W.S. Shen, Decay of Correlations for Fibonacci Unimodal Interval Maps. Acta Mathematica
Sinica, English Series, , Vol. 34, No. 1, (2018), 114–138.
[13] J. Graczyk, D. Sands, G. Swiatek, Metric attractors for smooth unimodal maps. Ann. Of Math (2) 161
(2) (2004) 725-740.
[14] J. Graczyk, G. Swiatek. Smooth unimodal maps in the 1990’s, Ergodic Theory and Dynam. Systems,
19(2), (1999), 263-287.
[15] F. Hofbauer, G. Keller, Some remarks on recent results about S-unimodal maps, Ann. Inst. H. Poincaré
Phys. Théor. 53 (4) (1990) 413–425
[16] G. Keller, T. Nowicki, Fibonacci maps re(al) visited, Ergodic Theory and Dynam. Systems 15(1)
(1995) 99-120.
[17] G. Levin, G. Swiatek. Limits drifts. Ergod. Th. & Dynam. Sys. (2016), 37, 2643–2670.
[18] G. Levin, G. Swiatek, Universality of critical circle covers, Comm. Math. Phys. 228, (2002) 371-399.
[19] S. Li, Q. Wang, A new class of generalized Fibonacci unimodal maps, Nonlinearity
27 (2014)1633-1643.
[20] M. Lyubich, Combinatorics, geometry and attractors of quasi-quadratic maps, Ann. of Math. (2) 140
(1994) 347-404.
[21] M. Lyubich, J. Milnor, The Fibonacci unimodal map, J. Amer. Math. Soc. 6(2) (1993) 425-457.

95

European International Journal of Science and Technology

ISSN: 2304-9693

www.eijst.org.uk

[22] A.P. Majtey, P.W. Lamberti, M.T. Martin, and A. Plastino (2005). Wooters distance revisited: a new
distinguishability criterium. Eur. Phys. J. D., 32:413-419.
[23] W. de Melo and S. van Strien, One-dimensional Dynamics, Springer-Verlang, Berlin, 1993.
[24] J. Milnor, On the concept of attractor, Comm. Math. Phys. 99(2), (1985), 177-195.
[25] M. L. Nascimento, Dinâmica de recobrimento do círculo com pontos de inflexão, PhD thesis,
Universidade de São Paulo, (2001).
[26] D. Rulle, Applications conservant une measure absolument continue par raport à dx sur [0,1], Comm.
Math. Phys, 55(1) (1977) 47-51.
[27] E. Vargas, Fibonacci bimodal maps. Discrete and Continuous Dynamical Systems. Series A, v. 22, ,
(2008) 807-815.
[28] S. van Strien, E. Vargas, Real bounds, ergodicity ergodicity and negative Schwarzian for
multimodal maps, J. Amer. Math. Soc., 17 (2004), 749-782.
[29] W-K. Wong, L-P. Lee and K-W. Wong, A modified chaotic cryptographic method,
Computer Physics Communications, 138 (2001), 234- 236.

96

